The structure of band-gaps in actuated fiber-reinforced dielectric elastomer composites with square lattice is studied. The constitutive behaviors of the phases are characterized by an augmented Gent strain energy density function, to account for the strain-hardening of the elastomer. The finite static deformation of the composite is calculated when subjected to an electric bias field along the fibers. The anti-plane mode of small electroelastic waves propagating in the material deformed configuration is determined by means of a proper adjustment of the plane-wave expansion method. The resultant eigenvalue problem supplies the dispersion relation from which bands of prohibited frequencies are determined.
Introduction
Wave propagation in periodic elastic composites, also known as phononic crystals (Kushwaha et al., 1993) , received much attention in the last decades, e.g., the works of Sigalas and Economou (1992) , Kushwaha et al. (1994) , Tanaka and Tamura (1998) and Gei et al. (2004) , to name a few. The interest is mainly in virtue of the fascinating band gaps (BGs) phenomenon observed in these structures . The appearance of these ranges of frequencies at which elastic waves cannot propagate enables applications such as isolators, noise suppressors, filters, and more. The interest has been extended to periodic piezoelectric structures (Hou et al., 2004; Qian et al., 2008a; Wang et al., 2009 Wang et al., , 2010 Hu et al., 2012) , in pursuit of improving their implementations in transducers, sensors and medical ultrasonic imaging, to name a few.
A novel family of soft smart materials known as dielectric elastomers (DEs) (Pelrine et al., 2000a) , offers a new transmission medium for both electric and elastic waves (Dorfmann and Ogden, 2010) . The motivation for using DEs stems from their ability to sustain strains of more than 200% (Pelrine et al., 2000b) and having their mechanical and electrical properties modified in response to an electric stimulation. This offers an almost unexplored potential for manipulating electroelastic waves by tuning the applied bias fields. To the best of the author's knowledge, this type of control mechanism was first proposed by Gei et al. (2011) who considered small flexural wave propagation along a periodically piecewise actuated DE plate, though considering only the elastic fields and governing equations of the perturbed problem. Later on investigated the propagation of incremental electroelastic waves in an actuated layer by solving the coupled electric and elastic equations, showing how the propagation velocity strongly depends on the electric excitation.
These results led to use DEs as the constituents of an electrostatically actuated periodic laminate subjected to incremental shear motions. The evaluation of the pertinent band structure demonstrated how by controlling the electrostatic bias field desired frequencies can be filtered out. Continuing along this path, in this paper the study is extended to a two-dimensional system by investigating the band structure for the anti-plane mode of electroelastic waves propagating in finitely strained circular fiberreinforced composites with square lattice. As the forthcoming results demonstrate, undesired frequencies can be actively filtered out by properly tuning the bias electric field.
The paper is composed in the following manner. Following the works of Ogden (2005), deBotton et al. (2007) , Suo et al. (2008) , Dorfmann and Ogden (2010) , Tian et al. (2012) , Castañeda et al. (2012) and , Section 2 revisits the required dynamical theory of DE composites. The response of DE composites with square arrays of fibers of arbitrary cross-section to an electric field along the fibers is calculated in Section 3. The behaviors of the composite phases are assumed to be governed by the incompressible dielectric Gent model (DG). The Gent model (Gent, 1996) composing the elastic part of the augmented strain energy density function was derived in aim to capture the strain-stiffening observed in polymers (Arruda and Boyce, 1993) . The anti-plane motion of incremental electroelastic waves superimposed on the deformed configuration of the composite is determined next. To this end, a proper extension of the plane-wave expansion (PWE) method (Kushwaha et al., 1993) to the case of finitely deformed DE composites is formulated. A numerical study of the band structure is performed in Section 4 for an exemplary properties of a composite with circular fibers to investigate the dependency on the phases properties and volume fractions. Most importantly, the variation of the band diagram as function of the bias electric field is demonstrated. The main conclusions and observations are summarized in Section 5.
Dynamics of dielectric elastomer composites
Let X 0 & R 3 denote the volume region of a heterogeneous body made out of N perfectly bonded different homogeneous electroelastic phases, with @X 0 being the external boundary of the body with the surrounding vacuum. The volume region X ðrÞ 0 ðr ¼ 1; 2; . . . ; NÞ of each phase has its boundary @X ðrÞ 0 . The mapping of a material point X from the reference configuration of the body to a point x in its current configuration X with boundary @X is 
for the corresponding velocity, acceleration, and deformation gradient is employed, respectively. Let dX; dA; dV and q L denote the referential line, area, volume elements and mass density in the neighborhood of X, respectively. These are transformed to their deformed counterparts via dx ¼ FdX; NdA ¼ The electric field e in the deformed configuration is commonly derived as the gradient of a scalar electrostatic potential field. The relation between the electric displacement field d and e in free space is d 
where r is the 'total' stress tensor (Dorfmann and Ogden, 2005) , symmetric on account of the balance of angular momentum, and consisting of both mechanical and electrical contributions. The total stress relates the traction t to a deformed area element with a unit normal n by
For the ideal dielectrics (no free body charge), and by considering a quasi-electrostatic approximation, the electric governing equations read
for Gauss law and Faraday law, respectively. The Maxwell stress r H outside the body is given in terms of the outer electric field e
where I is the identity tensor. The following jump conditions take place across the outer boundary
where w e is the surface charge density, and t m is a prescribed mechanical traction. The traction t is postulated as a sum of the prescribed mechanical traction t m and an electric traction t e resulting from the Maxwell stress, such that t e ¼ r H n. Across an internal charge-free boundary between two phases m and f the jump conditions read The 'total' first Piola-Kirchhoff stress, Lagrangian electric displacement and electric field, respectively, are
satisfying the Lagrangian form of the governing Eqs. (1) and (3) r
with the referential jump conditions across @X 0
where t M dA ¼ t m da and w E dA ¼ w e da. Eq. (6) transforms to
Adopting the formulation of Dorfmann and Ogden (2005) , the total first Piola-Kirchhoff stress and the Lagrangian electric field are derived from an augmented energy density function W, with the independent variables F and D, such that
For incompressible materials the kinematic constraint suggests the use of a Lagrange multiplier p 0 , such that the first of (11) obtains the form
Note that p 0 can only be determined from the boundary conditions together with the equations of motion. Following Dorfmann and Ogden (2010) , an infinitesimal timedependent elastic and electric displacements
Henceforth superposed dot is employed to denote incremental quantities. The push-forwards of increments in the total first Piola-Kirchhoff stress, the Lagrangian electric displacement and electric fields, respectively, are
and satisfy the incremental governing equations
The incremental kinematic constraint of incompressible materials is
where h ¼ r _
x is the displacement gradient. When linearizing in the increments, the following incremental constitutive relations are derived
where
The constitutive tensors A; B and C are the push-forwards of the referential reciprocal dielectric tensor A 0 , electroelastic coupling tensor B 0 , and elasticity tensor C 0
such that
3. Anti-plane motion of finitely deformed DE fiber composites
Consider an infinite periodic lattice of square arrays of length A in the x 1 ; x 3 ð Þplane. The arrays are composed of infinitely long DE fibers along the x 2 direction with arbitrary cross-section embedded in a different DE matrix (Fig. 1a) . In the sequel quantities associated with the fiber phase are denoted with a superscript f, and quantities associated with the matrix phase are denoted with a superscript m.
The phases behaviors are characterized by the DG model (Gent, 1996) corresponds to the strain-stiffening exhibited in elastomers. This lock-up effect is a result of the finite extensibility of the polymer chains. Making use of Eq. (11), the total stress evolving in each phase is
where the electric displacement field is related to the electric field via
The composite is assumed to be free of prescribed mechanical tractions, while an electric field e 2 is applied in the x 2 direction along the fibers. From a practical viewpoint, the actuation is executed by applying a voltage drop between two compliant coated electrodes on the top and bottom faces at 'infinity'. In each phase the following uni-modular (on account of incompressibility) diagonal deformation gradients are assumed
The perfect bonding between the phases dictates that the stretch ratios in the matrix and the fibers are identical in the x 2 direction, i.e.,
In virtue of the symmetry of the problem in the x 1 À x 3 plane the pertinent stretch ratios within each phase are same
Utilizing Eq. (23) together with Eqs. (24) and (25) implies that the resultant configuration of each phase agrees with the homogeneous deformation gradient
When specialized to the considered problem, the in-plane stress components emanating from Eq. (21) are
leading to the following expression for the pressure of each phase
The remaining boundary condition in the x 2 direction translates to 
The propagation in the x 1 ; x 3 ð Þplane of electroelastic waves superimposed on the aforementioned finite deformation is addressed next. I restrict attention to the anti-plane mode, in which the elastic displacements are in the x 2 direction. Let _ x 2 x 1 ; x 3 ; t ð
Þand u x 1 ; x 3 ; t ð Þ denote, respectively, the incremental displacement and the incremental electric potential, such that eðx 1 ; x 3 ; tÞ ¼ Àruðx 1 ; x 3 ; tÞ. These fields are to satisfy the incremental equations of motion (14a) along with Gauss Eq. (14b) and and the incompressibility constraint (15). The resulting non-trivial equations are
where it is understood that the spatial dependency is only via the x 1 and x 3 components, in view of the symmetry of the problem in the x 2 direction. In terms of _ x 2 x 1 ; x 3 ; t ð
Þand u x 1 ; x 3 ; t ð Þ , Eqs. (36) and (37) are put in the form
is the in-plane gradient operator, and i 1 and i 3 are unit vectors in the x 1 and x 3 directions, respectively. To solve Eqs. (38) and (39), a proper extension of the PWE method ) is employed. The quantitiesl; d 2 ; and q are expanded in twodimensional Fourier series in virtue of their in-plane periodicity, such that
where f G ð Þ f gare the Fourier coefficients, and the summation is carried over the infinite two-dimensional reciprocal lattice vectors G f g. Since the considered Bravais lattice is square of period a ¼ kA, its reciprocal lattice is also square with the reciprocal lattice vectors
n 3 i 3 , where n 1 and n 3 are integers. The Fourier coefficients are given by the inversion of the Fourier transform
where a cell is the area of the unit cell. Eq. (41) can be written in terms of the average and difference of the quantities f as (Kushwaha et al., 1993) f
where a f ð Þ is the area of the fiber phase.
According to the Bloch theorem (Kittel, 2005) , the incremental displacement and the incremental electric potential fields must satisfy
where x is the angular frequency, and k ¼ k 1 i 1 þ k 3 i 3 is the Bloch wave vector restricted to the irreducible first Brillouin zone representing the smallest region where wave propagation is unique. Substitution of Eqs. (42), (44) and (45) in Eqs. (36) and (37) yields
Eqs. (46) and (47) are multiplied by exp ÀiG 00 Á x À Á , and integrated over the unit-cell. As a consequence of the orthogonality property of Fourier series only terms satisfying
Thus, we remain with only summation over G 0 in the form
A truncation to a finite number of plane waves N is carried out for implementational purposes. In the sequel I set N ¼ 169, which corresponds to the values À6 6 n 1 ; n 3 6 6. In matrix notation one can write 
. The band structure is built by solving Eq. (51) for x as function of the reduced wave vector k in the periphery of the irreducible first Brillouin zone. As inferred by Kushwaha et al. (1994) and Vasseur et al. (1994) , the pertinent BGs extend throughout the whole zone. For the square lattice its periphery is defined by the lines connecting the points Fig. 1c . I recall that the band structures herein correspond to the anti-plane mode. Accordingly, the emanating BGs are not complete. i.e., they depend in the propagation mode. The study of complete BGs is of major importance and will be considered in future works.
Numerical investigation of the band structure
The goal is to explore the dependency of the band structure on the properties and volume fractions of the phases, and most importantly on the bias electric field. To this end, I consider an exemplary composite whose matrix properties are p . Further, I restrict attention to fibers with circular section of referential radius R, for which the structure function F G ð Þ equals
where r ¼ kR, and J 1 is the Bessel function of the first kind of order 1.
The main result is demonstrated in Fig. 2 , which shows the normalized frequenciesx as functions of the reduced wave vector k along CXMC when the composite is subjected to various normal- (Fig. 2c) . It is observed how increasing the shear contrast in Fig. 4a shifts the bands toward lower frequencies. Conversely, when the permittivity contrast is increased in Fig. 4b the bands are shifted toward higher frequencies. When the concentration of the matrix phase is increased the gaps are moved toward lower frequencies.
Concluding remarks
In pursuit of active waveguides/isolators, the band structure of square lattice DE composites with circular fibers is studied, in virtue of the practical importance of this geometry. In particular, the feasibility of controlling these BGs by means of a suitable electrostatic excitation of the composite is examined.
Toward this end, the deformed configuration of a DE matrix reinforced with DE fibers of arbitrary cross-section is determined when applying an electric field parallel to the fibers. The constitutive behaviors of the phases are assumed to be governed by the incompressible dielectric Gent model, oriented to capture the strain-stiffening in polymers. The instantaneous electromechanical properties of the phases are calculated in terms of the bias electric field and resultant in-plane stretch ratio.
The anti-plane mode of small electroelastic waves propagating on top of the finite static deformation is addressed next. To treat the mathematical difficulty stemming from the structure heterogeneity and the coupling between the electric and elastic fields, a proper adjustment of the plane-wave expansion method is formulated. The end result is given in terms of a standard eigenvalue problem for the incremental elastic displacement, from which the dispersion relation is obtained.
Numerical investigation of the band structure is conducted for exemplary composites with circular fibers and various values of the bias electric field. It is showed how increasing the shear and permittivity contrasts results in wider bands. The influence of the matrix volume fraction is explored, revealing how the first and second BGs are maximal when the concentration of the matrix is a bit less than the fibers. Most importantly, evaluation of the frequency spectrum demonstrates how enhancing the intensity of the bias electric field widens the bands as well as shifts them toward higher frequencies. These findings suggest the use of DE composites as control mechanisms for electroelastic wave propagation. (Fig. 2c ).
